The thermodynamic properties of degenerate and non-degenerate BoseEinstein gas in the completely non-relativistic and the completely relativistic cases are derived. The relativistic degenerate case of Bose-Einstein statistics corresponds to black-body radiation. The properties and the possibility of the existence of non-degenerate radiation are discussed.
energy of a particle in the assembly. Then, the energy-distribution law states th a t the num ber N (e) of particles possessing kinetic energy e is given by N(e) a(e) l/A eu+ fi' e k T } ( 1 ) where a(e) is the num ber of wave functions or states of th e particle w ith eigen-value e of the kinetic energy. The distribution param eter A is inde pendent of e. In fact k Tl og A is the Gibbs free energy per particle potential). In the case of Bose-Einstein statistics /? = -1 and for the Fermi-Dirac statistics /? = + 1 .
The wave function describing a stationary state of a free particle (of rest mass m) confined in a cubical volume of linear dimensions L is
where a, ft, y m ay be any three positive integers (not zero). Taking account of the effect of relativistic mechanics, the eigen-value e(oc,fi,y) of th e kinetic energy characterizing the wave function is given by £( 2^ + 1) = eoP2.
or where h2 eo==8^T2' ^2 = (a2+ /?2+ r 2)-
The num ber of wave functions, therefore, for p 2 = 3 (a = = y = 1) is g, for p2 = 6 is 3 g,and so on, where g is the weight factor for th e pa virtue of its internal structure (i.e. the num ber of distinct states associated w ith each eigen-value of the kinetic energy). For large values of th e to ta l num ber C(e) of states of energy less th a n e(p) is 2~3 tim es th e volum e of a sphere of radius p;
0(e) = § i | 
The num ber of states lying between e and is a(e) de = (e2 + (e + m°2)
Instead of dealing w ith (7) as it stands it becomes much simpler to discuss two limiting cases, which are usually called the non-relativistic and the relativistic cases. In the non-relativistic case the average energy per particle is negligible compared to its rest mass energy, and it is vice versa in the relativistic case. In the completely non-relativistic case, i.e. to th e £ zeroth approxim ation in (7) gives a(e)de= Vg-
and in the completely relativistic case, i.e. to the zeroth approxim ation . me2 . in -, we have e 47T a(e) de = V g --^e2de, (9) and substituting (9) in (1) we obtain
In the Bose-Einstein statistics the distribution param eter A cannot be greater than unity, for otherwise some of would be negative, which of course is not admissible, and thus we have
where A f is a dimensionless number, called the degeneracy discrim inant,| defined by
f The limits of integration 0 to oo appear to contradict the assumption mc2/e -> 0. Such a contradiction also appears in the non-relativistic case. This only means that the results obtained for the relativistic case are valid so long as the average energy is very large compared to the rest-mass energy and the opposite holds in the nonrelativistic case.
$ The appropriateness of the name will be clear in the sequel. Tq is called the " degeneracy tem p eratu re" . This lim itation on the value of Aff has no physical basis and its presence is easily explained. I t arises due to our substitution for a(e) in (1) th e expression (9) which is incorrect for small values of p, i.e. for levels in th e neighbourhood of the lowest energy state, and as London has shown for the case of A-> 1, the particles in excess of the num ber W populate ju st these levels: they possess (almost) zero energy and constitute the so-called " condensed " phase. I f N0 denotes th e num ber of particles in phase (sometimes called the " non-energetic " particles), th en using (12), (13) and (14), we have (15) Thus we are led to distinguish between two entirely different cases: (i) Non-degenerate case, A^1 < £(3): W hen .4^ is less th a n £(3), A is less th an unity, and the distribution law in this case is
(ii) Degenerate c a s e : W hen A q is greater th an £(3), A is effectively u and the distribution law is
47777 V and for e > 0, N{e)de = ^-^de.
For the degenerate case A = 1, hence the Gibbs free-energy G -N k T log A is zero, i.e. the Bose-Einstein degeneracy is characterized by zero Gibbs free energy.
I t m ay be noted here th a t it is not correct to assign zero energy to the lowest state, for in accordance w ith the uncertainty principle th e kinetic energy of a particle confined in a space of finite dimensions can never be exactly zero. The uncertainty in the energy of a particle is Jic/2nL in the relativistic case and h2l87Tzm L 2 in the non-relativistic case, and the result obtained here are only valid so long as the average energy per particle of the assembly is much greater than the former value in the relativistic case and the latter value in the other case.
Taking the non-relativistic case, for temperature T less than T0, the kinetic energy per particle is, from (20) and (44), given by and for this to exceed the uncertainty value it is necessary th at
For the case of liquid helium at T = 1° K, this gives
The preceding results (equations 12 to 18) can be immediately generalized f when the distribution law (1) is of the type
where s > 1. In the non-relativistic case = § and will be given by (8)
In the relativistic case s -3 and G will be given by (9) n i m (ch)3'
The degeneracy discriminant A 0 in the general case will be def
with A 0<^(s) for the non-degenerate case {A < 1) and ^0>^ ( 
and for e >0 the distribution law is
The distribution law being known, the thermodynamic properties of the assembly can be calculated in the usual way. This is done in the next section. We shall first note some series-expansions which will be useful in the sequel.
We begin with equation (22). Inverting the series in (22), we have
where
We require later an expansion of £A njnt as a power series in A 0. We obtain, using (25),
f In the non-degenerate case T > T0, and in degeneracy T<T0. Further, we have
I t is to be noted th at a power series in can be written as a power series in {TJTfy for from (24), A 0 = (T JT f^s), and therefore the coefficient of (TJT)sr is (£(s))r times the coefficient of A r 0. The values of the coefficients a, b for the special cases of s = § and = 3 are given in table 1, Similarly, we find
s S f f e -2 ) 1
al to -^-[£ (f)]2 = -2-441 forf s-f, and minus infinity for = 3. 
rtf) I
[A ilP 2ir' a result which is required in evaluating (39) for f.
2. We shall now calculate the energy E and pressure of the assembly,
In the-non-degenerate case A is less th an unity, i.e. J30 <£(«$ + 1 (29) we have the power series (denoting the value of E in non-degeneracy by E+)t
In the degenerate casej A = 1 , B 0 -£(s +1), and we have for the energy per particle of the assembly, from (41) 
we have from (19) and (40) B 0 = Tl
E JN ---------------w -------=
The pressure of the assembly in the non-relativistic case is 
n being the number of particles per unit volume.f In degeneracy (44) gives
p_ depends only on temperature and is independent of volume. For
We can now obtain expressions for the different specific heats. Differentiating (41) with respect to T and using (35) 
In the case of degeneracy (44) gives
and for An = £(s) + 0, =
The discontinuity in the value of the specific heat a t A 0 = £(<s) is therefore
Oy-i~ Cy+1 32£(s)
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Nk mm (54) and this vanishes when £(s -l)->oo, i.e. for a -1 < 1. In the non-relativistic case i V-l a and in the relativistic case
For the temperature derivative of the specific heat a t A 0 = £(<s) -0 we find after a little algebra th a t 
We shall now proceed to calculate the specific heat ( a t constant pressure. The well-known thermodynamic relation connecting CL and Gv is
B i n dV] dT)
jd p y i/dp\ \dT)vl\dV)r (59) In the case of degeneracy the pressure is independent of volume, dp' dVJT 0, and thus the constant pressure specific heat is infinite. In non-degeneracy from (47) and (35) we obtain for the compressibility
An~x E T n8
VEAjn8 -!■ and hence using (32), we have,
For A 0 = £(s) -0, the compressibility is from (60)
Substituting (60) in (59), and noting that _ E + P+ sV we have, using (49) 
Besides the specific heats at constant volume and pressure, we can define the specific heat ( Cs ) at constant N0, i.e. keeping the amount of th densed phase constant.^ In non-degeneracy N 0 = 0, and Gs is in it can be given any value in the range Cv to Cp. In degeneracy, to maintain N0 constant an increase in the temperature of the assembly must be accompanied by a decrease in volume according to the relation
which follows from (23 a). We have f As already mentioned y_ -oo. t In the c&se of a liquid-saturated vapour system Cs corresponds to the specific heat when the amount of the liquid and the saturated vapour are separately kept constant-the specific heat of saturated vapour.
which with the help of (44), (52) and (64) gives
and thus during an adiabatic change N0 and also remains constant. The constancy of A0 during an adiabatic process is not confined to the degenerate case only but holds generally as entropyf is a function of A0 only. We shall now evaluate the basic thermodynamic functions. The Gibbs free energy G and the Helmholtz free energy F are defined by (68) where 8 is the entropy and H is the enthalpy (total heat),
As already mentioned G and A are connected by the simple relation G -JcNTlogA. 
t See equations (72) and (78).
I n th e non-degenerate case th e expression for is easily o b tain ed w hen we note th a t f 
3. I t now rem ains to exam ine some properties of th e d istrib u tio n function itself. The contribution to th e energy of th e assem bly b y particles w hich have th eir energies lying in an energy range of u n it extension ab o u t th e energy value ei s by th e distrib u tio n law (19) e N^ = 1 and is therefore m axim um for e = em, where em is given by
where, | | = uM.
In figure 1 th e d o tted curve m arked E N shows th e relation betw een um and A in th e non-relativistic case (s U |) . The v ariatio n of A is from zero to unity. The d o tted curve E R corresponds to th e relativistic case (s -3).
Let A denote the de Broglie wave-length associated with a particle having energy e, then b (s) #js> ( The energy contribution is maximum for A = where Am is given by g f f l l f <85>
| = kr(wT-
<86)
In figure 1 the curve LR shows the relation between xm and A in the relativistic case. I t will be noticed th at Wien's displacement law for black-body radiation, i.e. radiation in thermal equilibrium with m atter is only a particular case of (80) or (85 
and as in degeneracy (A = 1) B0 = £(4) = 7t4/90, (87) give law for black-body radiation
We now ask the question: is it possible to realize the non-degenerate case for radiation? In non-degeneracy <90> i.e. the energy density for a given tem perature will be smaller than for black-body radiation, and A will be expressed in terms of B 0 by the power series which is obtained on the inversion of (42) :f = B 0 -0'0625J5 § -0-004535^ -0-00127J?^-....
At first sight it might appear th a t when the energy density of radiation is decreased below its black-body value, say by afiowing black-body radiation to escape into a large vacuum chamber (devoid of m atter) with perfectly reflecting walls or in other ways, it becomes non-degenerate radiation. This, however, is not correct, for when black-body radiation be comes dilute, there takes place no redistribution of energy in the different frequencies, but the energy in the different frequencies is merely lowered by a constant factor.^ The relative distribution of energy in the different frequencies is the same as for black-body (degenerate) radiation, only the absolute amount of energy for each frequency is smaller. Dilute radiation t This is immediately written down from (25) by putting 4, and writing B0 in place of A0. X Dilute radiation is not an equilibrium radiation in the thermodynamic sense.
is, therefore, not non-degenerate radiation, for, in non-degeneracy the relative distribution of energy in the different frequencies depends on the actual value of the distribution param eter A, and is not the same as in the case of degeneracy (black-body radiation) which is characterized by = 1. In figure 2 the dotted curve represents the energy distribution for black-body radiation (Planck's formula), i.e. A equal to unity; and the continuous
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XkT 1 1 F igure 2.
. The dotted curve is for degenerate (black-body) radiation and the continuous curve for non-degenerate radiation with ^4 = ^. In the latter case the ordinates have been multiplied by 10.
curve is for the non-degenerate case with A =
The variation with change in the value of A from zero to unity in the frequency and wave length which corresponds to the maximum in the energy distribution curve is given by equations (80) and (85), and is shown in figure 1 . The transformation of dilute black-body radiation into non-degenerate radiation requires a redistribution of energy in the different frequencies, but this cannot take place because of the linear character of the electroVol. 178. A. D . S. K o th a r i a n d B . N . S in g h m agnetic equations.! The realization of non-degenerate radiation is dependent upon th e possibility of direct interaction between photons, and is thus connected with the non-linear developments in the electrom agnetic field theory as in the investigations of Born, and E uler and Heisenberg. I t is possible th a t the existence of non-degenerate radiation will be found to be p artly responsible for the departure from black-body radiation m et with in astrophysical studies, b u t a t the present stage of th e theory it is an open question.
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